For a 2-connected cubic graph G, the perfect matching polytope P (G) of G contains a special point
Introduction
The celebrated Fulkerson's conjecture in graph theory is the following (cf. [1, 5] ).
Conjecture A (Fulkerson's conjecture). Every 2-connected cubic graph has six perfect matchings such that each edge appears in exactly two of them.
We may state the polyhedral version of this conjecture as follows. Let G be a 2-connected cubic graph. Thus each edge of G is contained in a perfect matching of G. The characteristic vector of a perfect matching M of G is a vector x ∈ R E(G) such that x e = 1 if e ∈ M and x e = 0 otherwise. The perfect 1 3 is the convex combination of x 1 , x 2 , . . . , x 6 . We call this x c the core of the perfect matching polytope P (G), which lies in P (G) (see Proposition 3) . Furthermore, a subset Q ⊆ P (G) is called a core polytope of P (G) if it is the convex hull of k vertices of P (G) such that x c ∈ Q and k is minimum. Meanwhile, the above minimum value k is called the core index of P (G), denoted by ϕ(P (G)). In other words, the core index ϕ(P (G)) is the minimum number of vertices of P (G) whose convex hull contains x c . Therefore, the Fulkerson's conjecture yields the following conjecture.
Conjecture B. For every 2-connected cubic graph G, ϕ(P (G)) ≤ 6.
The study of Conjecture B would be meaningful to cope with the Fulkerson's conjecture. In particular, the structure of the core polytope Q inside a perfect matching polytope P (G) is quite mysterious. Fan and Raspaud [5] proposed the following conjecture.
Conjecture C (Fan-Raspaud conjecture). In every 2-connected cubic graph there exist three perfect matchings M 1 , M 2 , and
Let us see the relation of these three conjectures. is contained in the convex hull of {x 1 , x 2 , . . . , x 6 }. We show the second assertion. Suppose Conjecture B holds. Let x 1 , x 2 , . . . , x 6 be six vertices of P (G) whose convex hull contains x c . Then x c = c 1 x 1 + c 2 x 2 + · · · + c 6 x 6 , where 6 i=1 c i = 1 and c i ≥ 0. We may assume that c 1 , c 2 , c 3 are the three largest numbers among all c i . Then
. We claim that Conjecture C holds for the perfect matchings M 1 , M 2 , M 3 corresponding to x 1 , x 2 , x 3 . Suppose not. Then there is an edge e ∈ M 1 ∩ M 2 ∩ M 3 , namely, x i e = 1 for i = 1, 2, 3. Then
, which is a contradiction.
In brief, if the Fulkerson's conjecture is true, then ϕ(P (G)) ≤ 6, and thus the Fan-Raspaud conjecture holds. However, the Fulkerson's conjecture is far from being proved at the moment. So we do not know the exact range of values ϕ(P (G)) for all 2-connected cubic graphs. In this circumstance we can use the parameter ϕ(P (G)) as a condition in proving the Fan-Raspaud conjecture.
The dimension of a polytope P , denoted by d(P ), is the dimension of its affine hull (the minimal affine subspace containing P ). Let G be a 2-connected cubic graph, and P (G) the perfect matching polytope of G. If all vertices of P (G) are affinely independent (namely, P (G) is a simplex), then d(P (G)) ≤ 8 (see [3, 9] ). In our previous paper [9] , we showed that Fan-Raspaud conjecture holds if d(P (G)) ≤ 9, which implies ϕ(P (G)) ≤ 10. In this paper, we obtain some improved results. The main results are the following:
(1) The Fan-Raspaud conjecture is true if d(P (G)) ≤ 13 and ϕ(P (G)) ≤ 11.
(2) The Fan-Raspaud conjecture is true if G is a cubic brick, d(P (G)) ≤ 18, and ϕ(P (G)) ≤ 12.
Since the dimension of a cubic brick G is d(P (G)) = m−n = n/2 (see Lemma 4 with b = 1), d(P (G)) ≤ 18 is equivalent to n = |V (G)| ≤ 36. Hence the above result (2) means that the Fan-Raspaud conjecture is true for cubic bricks with up to 36 vertices (provided ϕ(P (G)) ≤ 12). Recently, in [2] , the computer search shows that the Fulkerson's conjecture is true for snarks with up to 36 vertices, and so is the Fan-Raspaud conjecture. Here, a snark is a cyclically 4-edge connected cubic graph which cannot be 3-edge colored and has girth at least 5.
The organization of the paper is as follows. In Section 2, we present some basic properties. Section 3 is devoted to the results on 2-connected cubic graphs with ϕ(P (G)) ≤ 11. Section 4 is concerned with cubic bricks with ϕ(P (G)) ≤ 12.
Preliminary on Perfect Matching Polytopes
The basic notions on polyhedral combinatorics can be found in [6, 8] . The wellknown characterization of perfect matching polytope, due to Edmonds (1965) , is the following (cf. [7] ).
Lemma 2. The perfect matching polytope of a graph G is the set of vectors x ∈ R E(G) satisfying
where δ(v) stands for the set of edges incident with v ∈ V (G), and δ(A) is the set of edges with exactly one end in A.
For a 2-connected cubic graph G, every edge is contained in a perfect matching (see Corollary 3.4.3 of [7] ). A graph is matching-covered if every edge of this graph is contained in a perfect matching of it. Hence G is matching-covered and there are at least three different perfect matchings in G. Thus the perfect matching polytope P (G) has at least three vertices. In particular, we have
Proof. Clearly, x c satisfies (1) and (2) The following characterization of the dimension of perfect matching polytope found by Edmonds, Lovász, and Pulleyblank (see [4] or Theorem 7.6.6 of [7] ) is used in the proof of the main results.
Lemma 4. For every matching-covered graph G, the dimension of perfect matching polytope P (G) is d(P (G)) = m − n + 1 − b, where m, n, b are the numbers of edges, vertices, and bricks of G, respectively.
Here, a brick is a 3-connected and bicritical graph, where a graph G is bicritical if G − u − v has a perfect matching for any two distinct vertices u, v in G. Clearly, a brick is non-bipartite and matching-covered. The number of bricks of a matching-covered graph G is the number of bricks produced in a procedure of 'tight cut decomposition', see [4, 7] .
With respect to the dimension, the following Carathéodory theorem is classical (Theorem 5.1 of [8] ).
Lemma 5. For any V ⊆ R m and x in the convex hull of V, there exist affinely independent vectors x 1 , . . . , x k in V such that x is contained in the convex hull of {x 1 , . . . , x k }.
We obtain an upper bound of the core index as follows.
Proof. Let V be the set of vertices in P (G). Then x c is contained in the convex hull of V . By the Carathéodory theorem, x c is contained in the convex hull of d(P (G)) + 1 affinely independent vectors. The assertion follows.
Results on Core Index and Dimension
For convenience, we refer to the property specified in the Fan-Raspaud conjecture as the 3PM-property. We start with some simple facts.
If ϕ(P (G)) = k, then there are vertices x 1 , x 2 , . . . , x k of P (G) whose convex hull contains the core x c , i.e.,
Let S c = {c 1 , c 2 , . . . , c k }, which stands for the convex combination representation of the core x c in the convex hull of {x 1 , x 2 , . . . , x k }. Meanwhile, each c i ∈ S c is called a c-element. For a set S, by an h-combination X of S we mean a subset X ⊆ S with |X| = h. Furthermore, for every edge e ∈ E(G), we have
. . , M k be the perfect matchings corresponding to x 1 , x 2 , . . . , x k respectively, and let
, which is the set of perfect matchings containing the edge e. Then (5) is equivalent to
Conversely, a subset S of S c with c i ∈S c i = 1 3 is not necessarily corresponding to an edge. We now give a useful definition as follows.
A subset S of S c is called an edge-combination if (1) c i ∈S c i = 1 3 ; (2) there exists a 3-combination X of S such that
For instance, if the 3PM-property does not hold, then any 3-combination S of S c with c i ∈S c i = 1 3 is an edge-combination. Moreover, for any edge-combination S of S c , we have |S| ≥ 3 and c i ∈S M i = ∅, and thus S indeed corresponds to an edge in c i ∈S M i . This is the intention of the term "edge-combination". We call the number of all the edge-combinations in S c the edge-combination number of S c , denoted by E(S c ).
Lemma 7.
If |E(G)| < E(S c ), then the 3PM property holds.
Proof. If the 3PM-property does not hold, then for each edge-combination S, we have c i ∈S M i = ∅. Thus there exists an edge e contained in c i ∈S M i . So each edge-combination S corresponds to an edge e ∈ c i ∈S M i . Furthermore, we claim that an edge e ∈ E(G) cannot correspond to two different edge-combinations. In fact, if e corresponds to two edge-combinations S and S ′ with S = S ′ , then e ∈ c i ∈S M i and e ∈ c i ∈S ′ M i , whence e ∈ c i ∈S∪S ′ M i . By the definition of edge-combination, we have c i ∈S c i = 
, contradicting the equation (6) . In this way, we define an injection (one-to-one mapping) from the set of edge-combinations to E(G). Therefore E(S c ) ≤ |E(G)|, contradicting the condition of the lemma.
Lemma 8.
If the 3PM-property does not hold, then S c = {c 1 , c 2 , . . . , c k } satisfies the following:
(ii) For any 3-combination X ⊆ S c , there exists an edge-combination S ⊆ S c such that X ⊆ S; (iii) S c can be partitioned into three parts
Proof. Suppose that the 3PM-property does not hold. We show the three assertions as follows.
(i) Suppose that for , which implies that S is an edge-combination. (iii) We take a vertex v in G and let e 1 , e 2 , e 3 be the three edges incident with this vertex v in G. Since no perfect matching M i can contain two of e 1 , e 2 , e 3 , all perfect matchings M 1 , M 2 , . . . , M k are partitioned into three disjoint sets, each of which contains one of e 1 , e 2 , e 3 . Therefore S c is partitioned into three parts
Our previous paper [9] shows the following.
Proposition 9. For a 2-connected cubic graph G with d(P (G)) ≤ 9, the 3PM-property holds.
Now we present several improved results. Proposition 1 says that if ϕ(P (G)) ≤ 6, then the 3PM-property holds. The following improvement is straightforward.
Proposition 10. For a 2-connected cubic graph G with ϕ(P (G)) ≤ 8, the 3PM-property holds.
Proof. Suppose that (4) holds for k = 8 and c 1 , c 2 , c 3 , c 4 
This result is independent of the dimension of the perfect matching polytope.
In the results below, we have to combine the dimensional condition.
Proof. Since G is cubic, we have 2|E(G)| = 3|V (G)|. Moreover, as a result of the brick decompositions of graphs, G has at most
bricks (see Lemma 5.12 of [4] ). Hence by the formula of dimension of perfect matching polytope, we have
Theorem 12. For a 2-connected cubic graph G with d(P (G)) ≤ 14, if ϕ(P (G)) ≤ 10, then the 3PM-property holds.
Proof. By Lemma 11 and d(P (G)) ≤ 14, we have |E(G)| ≤ 6(d − 1) ≤ 78. Suppose, to the contrary, that the 3PM-property does not hold.
The case of ϕ(P (G)) ≤ 8 has been settled in Proposition 10. We consider the case of ϕ(P (G)) = 9 now. In this case, the convex combination of (4) with k = 9 holds. Suppose, without loss of generality, that c 1 ≥ c 2 ≥ · · · ≥ c 9 . By Lemma 8(i), the sum of any three c-elements is at most , and c 7 = c 8 = c 9 = 1 9 . Hence every 3-combination of S c is an edge-combination, and so E(S c ) = 9 3 > 78 ≥ |E(G)|. This is a contradiction to Lemma 7. We next consider the case of ϕ(P (G)) = 10 with convex combination representation (4) with k = 10. By Lemma 8(i), the sum of any two c-elements is less than 1 3 . We further observe that the sum of any five c-elements is greater than . This is because if there are five c-elements whose sum is less than or equal to We proceed to compute the edge-combination number E(S c ) as follows.
• There are • There are To sum up, E(S c ) ≥ Theorem 13. For a 2-connected cubic graph G with d(P (G)) ≤ 13, if ϕ(P (G)) ≤ 11, then the 3PM-property holds.
Proof. We consider the case ϕ(P (G)) = 11 and representation (4) with k = 11. By Lemma 11, d(P (G)) ≤ 13 implies |E(G)| ≤ 6(d − 1) ≤ 72. Suppose, to the contrary, that the 3PM-property does not hold. By Lemma 8(i), no two c-elements have sum . Let us see the edge-combination number.
• There are 8 3 3-combinations {c i , c j , c k } chosen from {c 1 , c 2 , . . . , c 8 }, each of which is an edge-combination.
• There are 8 2 5-combinations {c i , c j , c 9 , c 10 , c 11 } such that {c i , c j } are chosen from {c 1 , c 2 , . . . , c 8 }, each of which is an edge-combination.
